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Abstract. The purpose of this paper is to present a systemic study of some families of 
multiple q-Genocchi and Euler numbers by using multivariate q-Volkenborn integral (= 
p-adic q-integral) on Zp. From the studies of those q'-Genocchi numbers and polynomials 
of higher order we derive some interesting identities related to g-Genocchi numbers and 
polynomials of higher order. 



51. Introduction 



Let p be a fixed odd prime. Throughout this paper Zp, Qp, C, and Cp will, 
respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, the complex number field, and the completion of algebraic closure of Qp. 
Let Vp be the normalized exponential valuation of Cp with \p\p = p~'"p(p'> = 
and let q be regarded as either a complex number g e C or a p-adic number q G 
Cp. If g G C, then we always assume IqI < 1. If g G Cp, we normally assume 

|1 — q\p < p~p^ , which implies that q^ = exp(xlogg) for \x\p < 1. Here, | ■ |p is the 
p-adic absolute value in Cp with \p\p = i. The g-basic natural number are defined 

by [n]q = = I + q + ■ ■ ■ + q^~ , ( n G N), and g-factorial are also defined as 

[n\q\ = [n]g- [n — l]q ■ ■ ■ [2]g- [l]g. In this paper we use the notation of Gaussian binomial 
coefficient as follows: 

_ VAq- _[n]q-[n-l\q---[n-k + l\q 



kj, [n-k]ql[k]ql [k]q\ 



Note that limg^i (^)^ = (^) — ''^•'^i''"' '^'^^K The Gaussian coefficient satisfies the 
following recursion formula: 
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From thus recursion formula we derive 



Cf\ = Yl qd,+2d,+-+kdk ^ 2, 12, 13, 14]. 



1 doH \-dk=n-k,dieN 

The qf-binomial formulae are known as 



n n y \ 

i=l fc=0 ^'^^ 1 



and 



(3) (4:=n(-^-r'=Ef\*-^)/.e.M. 

In this paper we use the notation 

1 - 5^ 1 - (-qY 

[x]g = Yzr^' = i + q ■ 

Hence, limg^i[x]g = 1, for any x with \x\p < 1 in the present p-adic case, cf.[l-18]. 
For d a fixed positive integer with (p, d) = 1, let 

X = Xd = limZ/dp^Z, Xi = Zp, 

X* = U (a + dpZr,), 

(o,p) = l 

a + dp^ljp = {x e X|x = a (mod (ip"')}, 
where a e Z lies in < a < dp-'^. In [9], we note that 

+ dp^Zp) = (1 + 5)/-^)"^" 



1 + grfp"^ [dp 

is distribution on X for g e Cp with |1 — g|p < 1. We say that / is a uniformly 
diflFerentiable function at a point a e Zp and denote this property by / e UD{Zp), 

f(x) - f(y) 

if the difference quotients Ff(x,y) = have a limit I = f'ia) as {x,y) — > 

x-y 

(a, a). For / e UD{Zp), this distribution yields an integral as follows: 

I-q = / f{x)dn-q{x) = / f{x)dn-g{x) = lim j—j^ — ^ /(a;)(-g)^. 



which has a sense as we see readily that the hmit is convergent (see [9, 10, 14, 15]). 
Let q = l. Then we have the fermionic p-adic integral on Zp as follows: 



r 

I_i = / f{x)dfx-,{x) = hm J2 cf.[3, 6, 7, 8, 9, 13, 



14]. 



For any positive integer N, we set 



fx^ia + lp'^Zp) = cf. [5, 9, 15, 16, 17, 18], 

and this can be extended to a distribution on X. This distribution yields p-adic 
bosonic g-integral as follows (see [12, 17, 18]): 



Iqif)= / f{x)dllq{x)^ I f{x)dllq{x) 



where / e UD{Zp) = the space of uniformly differentiable function on Zp with val- 



ues in Cp. 



In view of notation, /_i can be written symbolically as /_i(/) = limq_>_i /g(/), 
cf.[9]. For n e N, let fnix) = f{x + n). Then we have 



n-l 



(4) g"/-.(/n) = (-!)"/-,(/) + [2], 5](-l)'^-^-'g7(0, see [9]. 

1=0 

For any complex number z, it is well known that the familiar Euler polynomials En{z) 
are defined by means of the following generating function: 

9 -in 

F{z,t) = -Y-re^' = Vi?n(^)-r, for \t\ < tt, cf.[13,14]. 

n=0 

We note that, by substituting z = 0, En{0) = is the familiar n-th Euler number 
defined by 

F{t) = F{0,t) = -^ = f2Ej^_, cf.[12]. 

n=0 

The Genocchi numbers are defined by the generating function 

2t ^ „ t 



n=0 



It satisfies Gi = 1, G3 = G5 = • • • = G2k+i = 0, and even coefficients are given by 

G'„ = 2(l-2")S, = 2nE2n-i(0), 
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where are Bernoulli numbers and En{x) are Euler polynomials. By meaning of 
the generalization of Probenius- Euler numbers and polynomials are also defined 
by 



= y^ Hn(u) — , and -^e^* Hn(u,x) — , for u e C, cf.[12, 14]. 

e* — tt nl e* — tt n! 



n=0 ■"■ " " n=0 



Over five decades ago, Carlitz [1, 2] defined g-extension of Probenius-Euler num- 
bers and polynomials and proved properties analogous to those satisfied Hn{u) and 
Hn(u,x). In previous my paper [6, 7, 8] the author defined the q-extension of or- 
dinary Euler and polynomials and proved properties analogous to those satisfied En 
and En{x). In [6] author also constructed the qf-Euler numbers and polynomials of 
higher order and gave some interesting formulae related to Euler numbers and poly- 
nomials of higher order . The purpose of this paper is to present a systemic study 
of some families of multiple g-Genocchi and Euler numbers by using multivariate q- 
Volkenborn integral (= p-adic g-integral) on Zp. lYom the studies of these q'-Genocchi 
numbers and polynomials of higher order we derive some interesting identities related 
to Q'-Genocchi numbers and polynomials of higher order. 

§2. Preliminaries / qf-Euler polynomials 

In this section we assume that g G Cp with |1 — < p~p^. Let fi{x) be 
translation with fi{x) — f{x + 1). From (4) we can derive 

/_i(/i)=/_i(/) + 2/(0). 

If we take f{x) = e^^^^^^, then we have Euler polynomials from the integral equation 
of as follows: 

2 ^ En{x)t'' 



r 2 
Jz„ e -|- 1 



n=0 



That is, 

/ y"" dn-i{y) = En, and {x + y)''dii-i{y) = En{x). 

Now we consider the following multivariate p-adic fermionic integral on Zp as follows: 

(5) 

/ •••/ e^^^+■■■+-^+-^'d^i_^{x^)■■■d^i_,{xr)=(^\ e-* = f;£;W(x)^, 



where E'^{x) are the Euler polynomials of order r. 
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From (5) we note that 

(6) / ■■■ [ {Xi + --- + Xr + x)''dl^_i{xi)---dfM_i{Xr)=E^^\x). 

JZp JZp 

In view of (6) we can define the q-extension of Euler polynomials of higher order. 
For /i G Z, /c e N, let us consider the extended higher order qf-Euler polynomials as 
follows: 

E^r!::g\x)= [ ■ I [xl + ■■■ + xu + xY^q^'i=^''^^'■-'^d^l-q{x^_)■■■d^i-q{xr), sec [6] . 
From this definition we can derive 

(7) E^Jii'!'\x) = [2]^- —— YC^] i-lVq'''-, T^, see [6] . 

It is easy to see that 

fc-i 

In the special case /i = /c — 1, we can easily see that 



i=o 

m 



(8) 



(_gi + fe-l;g-l)^ 



n=0 

Let F^{t,x) = Yl'^=o ^n,q^'''\x) be the generating function of E^~^''^{x). From (8) 
we note that 

m=0 ■ m=0 n=0 ^ ^ 3 



n=0 ^ ^ Q 
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Remark. For w & Cp with |1 — tuj < 1, we have 

^_i(«;"e*") = / «;"e*"d//_i(a;) = = Ve„(«;)-, see [3, 9, 11, 12, 15] 

A we* + l f-^ n! 



n=0 



Thus, we note that w^x'^diJ,-i{x) = En{w) and En{w) = ■;^^^H„,{—w where 

Hn{—w~^) are Frobenius-Euler numbers. 

In the previous paper [11], the qf-extension of En{w){= twisted qf-Euler numbers) 
are studied as follows: 

(9) /..Ke*!^]") = / w^e'^^^df,_g{x) = f]En,,{w)^-^. 

n=o ^• 

From (9) we note that 

= 1 "-'l^l?*-'"' = (T3^ g (i) (-i)'tT??%' ■ 

By the exactly same method of Eq.(7), we can also derive the multiple twisted qf-Euler 
numbers as follows: 



(10) 



- ■■■ w^'^=^''^[xi + --- + Xk + x]'^q^'^=^^'' ^^''^dii-g{xi)---dn-q{xk). 
From (10) we can easily derive 

<f('»-) = (T^E(T)(-')'H^- 



For h = k — 1, we have 

[2] J J^/mV 1 



(11) 



{-wq^-q)k 



n=0 ^ " ^9 



Let Fg{w,x) — J2m=oE^'<i^''^\^)^.- Proni (11), we can easily derive 



F^{W,X) = [2] J g /"^ + ^ l^j ^_^)ng[n+.],t 



Remark. When we consider those g-Euler numbers and polynomials in complex num- 
ber field, we assume that q E C with \q\ < 1. 

§3. Genocchi and qf-Genocchi numbers 

From (4) we note that 

oo 



Thus, we have 

(13) / .<rf,_,(.).^^i^. 

''^p n=0 

By (13) we easily see that 

/ x"rf/._i(x) = ^, and / (x + y)-(i/,_icZyu_i(y)=^^^±iM, 

where Gn{x) are Genocchi polynomials ( see [8] ). 

From the multivariate p-adic fermionic integral on Zp we can also derive the Genoc- 
chi numbers of order r as follows: 
(14) 

2t V 



f ■■■/ e(-^+-+-'^)*d/._i(xi)---(i/._i(x,)= ^E^i^^;^, ^eN, 



n=0 



where Gn^ are the Genocchi numbers of order r. 
From (14) we note that 

(15) E / •••/ (Xi + • • ■ + Xrrd^i-^{x,) ■ ■■d^-.iXr) ^ ^^^^^^ = G^-)^, 

where (a;)^ = x{x — 1) • • • (x — r -|- 1). By (14) and (15), we easily see that 
(16) 

/ ••• / {xi + --- + Xrydii-i{xi)---dii-i{xr) = ,^n+r\ ^n+ri where n £ N U {0}, 
and Gq""* = G^i^ = • • • = G^J'li = 0. Thus, we obtain the following theorem. 



Theorem 1. For n e N U {0}, r e'H, we have 

G^^lr = {n + r)r I ■■■/ (Xi H \- XrYd^-i{xi) ■ ■ ■ dlJL-i{Xr) 



= [^^)rl ■•■ / {xi-\ \- Xr)"'dlJ,-i{xi) ■ ■ -djl-iiXr), 

V ^ / Jzp Jzp 

where {x)r = x{x — 1) ■ • ■ (x — r + 1). 

Recently we constructed the qf-extension of Genocchi numbers as follows: 

(17) t / eW^*d//_,(x) = [2\,t V(-l)-g-eN.* = V see [8] . 

J'^v n=0 n=0 

Thus, we note that 

In view of (14) we can define the q-extension of Genocchi numbers of higher order. 
For h E Z, k & N, let us consider the extended higher order g-Genocchi numbers as 
follows: 

Eg(Y^^ = ^' / ••• / e[-^+-+-^l<'*g^.-i-^('^-^-)d/._,(xi)---d/._,(xfe) 

n=0 ^' -^^P -^^P 

= E/ •••/ [Xl + --- + Xk]qq^^=''''^^~''^dlI-g{Xi)---dlI-q{Xk)—r- 



n^o-'^p (n + A;)! 

Thus, we have 

+ k 



^n+k,q ^ 



/ [x^ + --- + Xk]'^q^^=^-^^^-^^dfi_,{x^)---dfi_,{xk) 



and 

f^{h,k) _ f^{h,k) _ 
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^(h,k) _ ^{h,k) _ _ ^{h,k) _ 
^0,q — ^l,q — • • • — ^k-l,q — 



If we take h = k — 1, then we have 

]k n 



=K^r)(i^t(;)(-)'Er^:-i(-.') 

^ ^ ^ 1=0 ^ ^ m=0 ^ 



Therefore we obtain the following theorem. 
Theorem 2. For h e k e 'N, we have 

Ik n 



and 



r^h,k) ^.,fri + k\ [2]g " /n\ ; 1 



Let 



j.n , , j-n+k 



(18) /.J(t) = Ece,-'*^ = EGiVi^Z^ 



j(k-l,k) 

n=0 "" n=0 

because G^q~^'^^ = • • • = G^^Zif"^ = 0. By (18) and Theorem 2, we see that 



'0,9 

n=0 ■ n=Om=0 ^ 



nl ' — ' \ m j „ ■ " m! 

n=0 n=0 m—\> 

oo 



m=0 

Remark. For e Cp with |1 — w|p < 1, we can also define tu-Genocchi numbers 
(= twisted Genocchi numbers) as follows: 

t / w-e-*dfi_^ix) = = VGn,^,-, cf.[3, 11, 13] . 

Jz^ we' + l n! 

From this we note that lim,„_>i Gn,w = G^- The q'-extension of Gn,w can be also 
defined by 

„ oo ^ 

(19) t / w;-eM''*(i//_g(x) = VG,,,,»-r, cf. [3, 8, 11, 13] . 
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By (19) we easily see that 



From this we also note that liniu,^! Gn,Q,w = Gn,q- 

Now we consider the extended {q, i(;)-Genocchi numbers by using multivariate p- 
adic fermionic integral on Zp. For h & Z,k & N, w & Cp with |1 — w\p < 1, we define 

Gn',q% as follows: 
(20) 

= tM ••• / t(;^i+-+^'=e[^i+-+^'=l«*5^^'=i^^('^-^'^(i//_q(a;i)---(i//_q(a;fc). 

From (20) we can derive 

Qih,k) _jJn + k\ [2]; , 1 



and 



- « (" ; E (" " e-)-Nr 

Let ftj,„(t) = E~ oG!.V''"S- Then we have 

n=0 ^ "T V / q 

References 

[1] L. C. Carlitz, q-Bernoulli numbers and polynomials, Duke Math. J. 15 (1948), 987-1000. 

[2] L. C. Carlitz, Expansions of q- Bernoulli numbers, Duke Math. J. 25 (1958), 355-364. 

[3] M. Cenkci,, The p-adic generalized twisted {h,q)-Euler-l- function and its applications, Ad- 

van. Stud. Contemp. Math. 15 (2007), 37-47. 

[4] M. Cenkci, M. Can and V. Kurt, p-adic interpolation functions and Kummer-type congru- 

ences for q-twisted Euler numbers, Advan. Stud. Contemp. Math. 9 (2004), 203-216. 

[5] M. Cenkci, M. Can, Some results on q-analogue of the Lerch zeta function. Adv. Stud. 

Contemp. Math. 12 (2006), 213-223. 

[6] T. Kim, q-Euler numbers and polynomials associated with p-adic q-integrals, J. Nonlinear 

Math. Phys. 14 (2007), 15-27. 

[7] T. Kim, On p-adic q-l-functions and sums of powers, J. Math. Anal. Appl. 329 (2007), 

1472-1481. 

[8] T. Kim, On the q-extension of Euler and Genocchi numbers, J. Math. Anal. Appl. 326 

(2007), 1458-1465. 

10 



T. Kim, A Note on p-Adic q-integral on Zp Associated with q-Euler Numbers, Adv. Stud. 
Contemp. Math. 15 (2007), 133-138. 

T. Kim, On p-adic interpolating function for q-Euler numbers and its derivatives, J. Math. 
Anal. Appl. 339 (2008), 598-608. 

T. Kim, On the twisted q-Euler numbers and polynomials associated with basic q — l- 
functions, J. Math. Anal. Appl. 336 (2007), 738-744. 

T. Kim et al. Introduction to non-archimedean integrals and their applications,, Kyo Woo 
Sa, 2007. 

H. Ozden, Y. Simsek, I.N. Cangul, A note on p-adic q-Euler measure. Adv. Stud. Contemp. 
Math. 14 (2007), 233-239. 

H. Ozden, Y. Simsek, I.N. Cangul, Euler polynomials associated with p-adic q-Euler mea- 
sure. General Mathematics 15 (2007), 24-37. 

Y. Simsek, On twisted q-Hurwitz zeta function and q-two-variable L-function, Appl. Math. 
Comput. 187 (2007), 466-473. 

Y. Simsek, On p-adic twisted q-L-functions related to generalized twisted Bernoulli num- 
bers, Russ. J. Math. Phys. 13 (2006), 340-348. 

Y. Simsek, Twisted {h,q)- Bernoulli numbers and polynomials related to twisted {h,q)-zeta 
function and L-function, J. Math. Anal. Appl. 324 (2006), 790-804. 

Y. Simsek, Theorems on twisted L-function and twisted Bernoulli numbers, Advan. Stud. 
Contemp. Math. 11 (2005), 205-218. 



Taekyun Kim 

EECS, Kyungpook National University, Taegu 702-701, S. Korea 
e-mail: tkim@knu.ac.kr; tkim64@lianmail.net 



11 



